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Abstract

In this work we apply Bohm’s interpretation to the quantized spherically-symmetric blackhole coupled to a massles
field. We show that the quantum trajectories for linear combinations of eigenstates of the Wheeler–DeWitt equatio
large set of different curves that cannot be predicted by the standard interpretation of quantum mechanics. Some o
consistent with the expected value of the time derivative of the mass, whereas other trajectories are not, because the
blackholes that switch from absorbing to emitting regimes.
 2005 Published by Elsevier B.V.

PACS: 03.65.Ta; 04.60.Ds; 04.60.-m; 97.60.Lf

Since the fundamental discovery, made by Hawking, that blackholes may emit radiation[1], many studies hav
been made in order to better understand this process. Initially, most of the works were concentrated in th
quantum field theory in curved space–time[2]. More recently, some physicists have started studying Hawki
radiation with the aid of a quantum gravity theory[3–6]. Most of these works deal with the theory of quantu
general relativity. In this theory, the standard probabilistic Copenhagen interpretation of quantum mechanic
be applied. The use of different interpretations of quantum mechanics have been proposed to deal with
general relativity[7–11], and among them is the causal or de Broglie–Bohm interpretation.

The causal interpretation of quantum mechanics was first proposed by de Broglie, and later on it was exte
Bohm to include many-particle systems and fields[12]. In this interpretation, variables corresponding to observ
physical quantities have an ontological meaning regardless of whether they are observed or not, contra
standard Copenhagen interpretation of quantum mechanics. The problems of applying Copenhagen’s inte
of quantum mechanics to quantum cosmology has raised recent interest on the causal interpretation of
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mechanics in quantum cosmology[13,14], as this interpretation does not need an external observer to br
observable into reality. The causal interpretation has been applied with success, by several authors, to
general relativity[13–19].

In the present work we would like to continue our previous study[20] on the Hawking radiation proces
using the theory of quantum general relativity and the causal interpretation. We shall use, once more,
wave-functionals derived in Tomimatsu’s work[3]. The first wave-functional (Ψc; see Eq.(1)), was interpreted
by Tomimatsu as representing the classical blackhole behavior, mainly because the expected value of
derivative of the mass of the blackhole is positive. The second wave-functional (Ψq , Eq. (2)), was interpreted a
representing the quantum blackhole behavior, as the expected value of the time derivative of the blackhol
negative. Furthermore, the mass loss rate is in agreement with the one derived directly from the Hawking e
process[21].

In our earlier work[20], we showed that one may obtain evolution equations for the blackhole mass
one considers quantum states described either byΨc or Ψq . This result is relevant because from the stand
interpretation of quantum mechanics used in Tomimatsu’s work one has just expected values for the time d
of the blackhole mass, whereas the quantum trajectories for the evaporating blackholes yield a change i
of emission consistent with earlier results[21]. In this work we will extend this result to include states that w
have different behavior from the ones obtained by Tomimatsu.

In this Letter, first, we compute Bohmian trajectories for several different cases and show the existence
that may, during some time, behave quantum mechanically, emitting Hawking radiation, and, some oth
behave classically, absorbing energy. This is done by studying sates described by linear combinations oΨc and
Ψq . Each wave-functional is characterized by two parameters: one present in the phase and the other in the
Therefore, one may have a state which is the result of the linear combination of two differentΨc. As we shall see
the mass evolution trajectories for this particular combination may have a very different behavior from t
found in[20] for a state represented by a singleΨc. We shall also consider the other possible linear combinati
Ψc with Ψq andΨq with Ψq . We must emphasize that the fluctuating behavior of those superpositions can
obtained from the standard interpretation of quantum mechanics, as it would not show up in the expecta
the rate of change of mass. Also, when this behavior appears, the WKB approximation cannot always be
the effects of the quantum potential, and therefore the rate of change of the absolute value of the wave fu
may be strong.

From[3] we have the following solutions to the Wheeler–DeWitt equation

(1)Ψc = C exp

[
i

(
R

4
− k2

2R
+ kΦ

)]
,

and

(2)Ψq = C exp

[
i

(
R

4
+ k2

2R

)
− |kΦ|

]
,

wherek andC are arbitrary real and complex parameters, respectively, andR andΦ are the physical fields[20].
Tomimatsu argued thatΨc represents the classical blackhole behavior[3]. One way to understand Tomimatusu
argument is the following. If we impose the classical constraint[20] H = √

2(P 2
Φ/2R2−PR +1/4), with the aid of

the expression for the canonical momentPR = Ṁ/2+1/4, we obtain at once thaṫM � 0. It means that the appare
horizon increases and the blackhole absorbs. This is expected, as we have an ingoing null fluid with positiv
density. Quantum mechanically, we can see this same behavior if we useΨc and compute the expectation value
Ṁ , 〈Ṁ〉, where over-dot means a derivative with respect to the advanced timev ≡ t + r [3], finding positive value

equal to k2

4M2 . Also, the scalar field sector is described in(1) by scalar waves penetrating the apparent horizon f
the exterior region.

On the other hand,Ψq in Eq. (2) represents the quantum-mechanical blackhole behavior[3], as in this case

the value of〈Ṁ〉 is given by〈Ṁ〉 = − k2

2 . This value is always negative, which means that the apparent ho

4M
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decreases and the blackhole emits. The scalar field cannot penetrate the horizon, as it is exponentially su
This can be interpreted as a classically forbidden state.

Now, let us see what the causal interpretation tell us about the states described byΨc (1) andΨq (2). Following
the causal interpretation formalism applied to quantum general relativity[14], if we write our wave-functionals a

(3)Ψ = Rexp(iS),

we obtain dynamical equations for the physical variables from

(4)PXi
= δS

δXi

,

whereXi stands forR andΦ. The expression for the quantum potentialQ is given, in the present situation by

(5)Q = −∇2R
R .

We shall restrict our attention toR, as the equations forΦ are trivial. Starting withΨc, we may write(4), for
Xi = R, as

(6)PR = 1

4
+ k2

2R2
.

Now, introducing the expression ofPR , Eq.(15) from Ref.[20], we obtain

(7)Ṁ = k2

4M2
.

This equation is easily integrated to give

(8)M3 = 3

4
k2(v − v0) + M3

0,

wherev0 andM0 are the initial values ofv andM , respectively. This solution tells us that the blackhole masM

increases continuously as the time, measured byv, increases. This wave-functional is associated with the clas
behavior of the blackhole. In particular, if we compute the value of the quantum potentialQ from Eq.(5) for Ψc in
Eq.(1), we find that it is zero, as expected for the classical situation.

Similarly, for Ψq , we find the dynamical equation forM ,

(9)Ṁ = − k2

4M2
.

Note that Eq.(9) is similar to the equation for the expected value ofṀ . The difference is that Eq.(9) can be
integrated to give the exact evolution ofM and not just its expectation giving

(10)M3 = −3

4
k2(v − v0) + M3

0,

wherev0 andM0 are the initial values ofv andM , respectively. Eq.(10) tell us that if the blackhole has an initi
massM0 at v0 after a timeve = 4M3

0/3k2 + v0, it will completely evaporate. This is in accordance with
qualitative predictions made by Hawking that, taking into account quantum properties, blackholes evapo[1].
Eq. (10) is also in accordance with predictions on how this evaporation should take place, if one consid
elementary particle picture of blackhole emission[21]. The quantum potentialQ in Eq. (5), computed forΨq in
Eq.(2), is given by−k2/2R2. This may be interpreted as an attractive potential that pullsR to zero. If we take into
account thatR = 2M in Tomimatsu’s gauge[3], this potential also pulls the mass towards zero.

Even though the cases presented above are interesting, as they go beyond expected values and pred
rate of change in the mass of an evaporating blackhole decreases as the mass increase, they still do n
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Fig. 1.M versusv for a state described byΨcc (11)with Cc1 = 1, Cc2 = 1/2, kc1 = 1, kc2 = 10,M(v = 0) = 1 andΦ(v = 0) = 0.1. (a) Small
values ofv, (b) greater values ofv.

any physics that could not be obtained from using a WKB approximation. However, let us see what the
interpretation tells us about the states described by linear combinations of the wave-functionals in Eqs.(1) and (2).

We start with a general linear combination of two “classical” statesΨc,

(11)Ψcc = Cc1 exp

[
i

(
R

4
− k2

c1

2R
+ kc1Φ

)]
+ Cc2 exp

[
i

(
R

4
− k2

c2

2R
+ kc2Φ

)]
,

wherekc1, kc2,Cc1, andCc2 are constants. Following the steps shown above, we obtain fromΨcc

(12)

Ṁ(v) = 2Cc1Cc2 cos(β1)(k
2
c1 + k2

c2 + 4M(v)2)

8(C2
c1 + C2

c2 + 2Cc1Cc2 cos(β1))M(v)2

+ C2
c1(2k2

c1 + 4M(v)2) + C2
c2(2k2

c2 + 4M(v)2)

8(C2
c1 + C2

c2 + 2Cc1Cc2 cos(β1))M(v)2
− 1

2
,

(13)Φ̇(v) = 1

4M(v)2

C2
c1kc1 + C2

c2kc2 + Cc1Cc2(kc1 + kc2)cos(β1)

C2
c1 + C2

c2 + 2Cc1Cc2 cos(β1)
,

where

β1 = (kc1 − kc2)(kc1 + kc2 − 4M(v)Φ(v))

4M(v)
.

This system of coupled differential equations can be integrated numerically for a set of initial conditio
parameters. Performing numerical investigations on a large number of different initial conditions, we see th
of them behaves as expected, i.e., from an initial valueM0 the mass increases asv increases. For some initia
conditions, though, we notice a behavior quite different from the expected one, as we can find solutions w
mass initially increase fromM0 for increasingv, reaching a maximum and decreasing afterwards. We stres
whenM is small, the oscillations of the wave make the WKB approximation unsuitable, and Bohm’s interpre
gives new results.Fig. 1shows a typical trajectory for the latter case.

Consider now, the general linear combination of twoΨq given by

(14)Ψqq = Cq1 exp

[
i

(
R

4
+ k2

q1

2R

)
− |kq1Φ|

]
+ Cq2 exp

[
i

(
R

4
+ k2

q2

2R

)
− |kq2Φ|

]
,

wherekq1, kq2,Cq1, andCq2 are constants. Following the same steps as before, we obtain
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Ṁ(v) = −e(kq1+kq2)Φ(v)Cq2 cos
( k2

q1−k2
q2

4M(v)

)
(k2

q1 + k2
q2 − 4M(v)2)

4D1(M,Φ)M(v)2

(15)− e2kq2Φ(v)C2
q2(2k2

q2 − 4M(v)2)

4D1(M,Φ)M(v)2
+ e2kq1Φ(v)(−2k2

q1 + 4M(v)2)

8D1(M,Φ)M(v)2
− 1

2
,

(16)Φ̇(v) = 1

4M(v)2

e(kq1+kq2)Φ(v)(kq1 − kq2)Cq2 sin
( k2

q1−k2
q2

4M(v)

)
D1(M,Φ)

,

where, without loss of generality, we setCq1 = 1, and where we used the abbreviation

D1(M,Φ) =
(

e2kq1Φ(v) + e2kq2Φ(v)C2
q2 + 2e(kq1+kq2)Φ(v)Cq2 cos

(
k2
q1 − k2

q2

4M(v)

))
.

Eqs. (15) and (16)can be integrated numerically. However, we can easily prove that the rhs of(15) is always
negative, and as a consequence, the mass always decrease. InFig. 2, we see a typical mass trajectory for this ca

Finally, let us consider the general linear combination of a “classical” stateΨc with a quantum stateΨq ,

(17)Ψcq = Cc exp

[
i

(
R

4
− k2

c

2R
+ kcΦ

)]
+ Cq exp

[
i

(
R

4
+ k2

q

2R

)
− |kqΦ|

]
,

wherekc, kq,Cc, andCq are constants. We obtain at once

Ṁ(v) = −2e

√
k2
qΦ(t)2

Cq cos(β2)(−k2
c + k2

q − 4M(v)2)

8
(
e

2
√

k2
qΦ(v)2 + C2

q + 2e

√
k2
qΦ(v)2

Cq cos(β2)
)
M(v)2

(18)+ e
2
√

k2
qΦ(v)2

(2k2
c + 4M(v)2) + C2

q(−2k2
q + 4M(v)2)

8
(
e

2
√

k2
qΦ(v)2 + C2

q + 2e

√
k2
qΦ(v)2

Cq cos(β2)
)
M(v)2

− 1

2
,

Φ̇(v) = 1

4M(t)2

e

√
k2
qΦ(v)2(

e

√
k2
qΦ(v)2

kc

√
k2
qΦ(v)2 + kcCq cos(β2)

√
k2
qΦ(v)2

)
(
e

2
√

k2
qΦ(v)2 + C2

q + 2e

√
k2
qΦ(v)2

Cq cos(β2)
)√

k2
qΦ(v)2

(19)− 1

4M(t)2

e

√
k2
qΦ(v)2

k2
qCqΦ(v)sin(β2)

(
e

2
√

k2
qΦ(v)2 + C2

q + 2e

√
k2
qΦ(v)2

Cq cos(β2)
)√

k2
qΦ(v)2

,

where, without loss of generality, we setCc = 1, and use the abbreviation

β2 = k2
c + k2

q − 4kcM(v)Φ(v)

4M(v)
.

Integrating(18)–(19)numerically on a large number of trajectories forM , depending on the value of the fractio
kc/kq , we found several different types of trajectories. Whenkc/kq � 1, most of the mass trajectories beha
as if they were a superposition of two statesΨc. This behavior shows that, in this case, the classical compo
dominates the quantum component. In the case thatkc/kq � 1, most trajectories behave as if they were a quant
quantum superposition, showing the domination of the quantum component for this case. Finally, in the c
kc/kq ∼ 1, we have trajectories that mix the classical and quantum behaviors. InFig. 3, we may see an example
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Fig. 2.M versusv for a state described byΨqq (14) with Cq = 1, kq1 = 1, kq2 = 2, M(v = 0) = 10 andΦ(v = 0) = −1.

Fig. 3.M versusv for a state described byΨcq (17) with Cq = 1, kc = 1, kq = 2, M(v = 0) = 2.135 andΦ(v = 0) = 0.0410.

such trajectories. The mass increases initially from a given initial value, up to a maximum, and then decre
local minimum, increasing thereafter.

It is important to notice that several of the trajectories for the mass computed above cannot be predicte
expected value oḟM . This is because the expected value is a fixed number for each quantum state conside
does not say anything about the behavior of individual systems in the ensemble.

To summarize, using the causal interpretation, we computed the individual quantum trajectories determ
the initial conditions. We showed that the quantum trajectories for the blackhole mass could either incr
decrease with time, depending on the wave-functions,Ψc or Ψq . We also showed that for superpositions of tho
wave-functions new behavior is predicted that cannot be obtained from the standard interpretations of q
mechanics. In particular, for some states and initial conditions, it was possible to have a blackhole tha
start absorbing mass and then, after some time, start evaporating. In some cases the evaporation would l
amount of time and the absorption process would restart, but in some other cases all the mass evaporates
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